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Aeroelastic Wing with Leading- and Trailing-Edge
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It is well known that the effectiveness of a trailing-edgecontrol surface can be substantiallydiminisheddue to the
elastic twist of an airfoil or wing. This aeroelastic phenomenon is known as control surface reversal when the lift
or roll rate vanishes at a suf� ciently large ratio of � ow dynamicpressure to wing stiffness. However, a leading-edge
control surface can be used to counteract control surface reversal, and indeed, in principle, a leading-edge control
surface mayentirely cancel the tendency of the trailing-edgecontrol surface to undergo reversal. Moreover, analysis
shows that by using a simplecontrol strategy onecan use a combinationof leading-and trailing-edgecontrol surface
rotations to maintain lift and roll effectiveness and minimize control surface rotations. The bene� cial effects of
leading-edge control surfaces on control surface reversal are known to practioners. However, the present simple
model makes these especially transparent and suggests an advantageous strategy using a combination of leading-
and trailing-edge control surfaces.

Introduction

C ONTROL surface reversal due to unfavorable aeroelastic ef-
fects is one of the classicalphenomena of static aeroelasticity.

It is treated in textbooks1;2 and standard courses on aeroelasticity.
Here, this well known phenomenonis reconsideredso as to counter-
act the unfavorable aeroelastic effect associated with trailing-edge
control surfaces by a favorable effect of a leading-edgecontrol sur-
face.By anappropriatechoiceof the ratioof leading-to trailing-edge
control surface rotations, a particular advantageous result may be
obtained.

To illustrate the concept and fundamental physical phenomena,
two simple models are considered: 1) an airfoil and 2) a wing-in-
roll. Also, an interesting result for the divergence of a wing-in-roll
is highlighted.

The active � exiblewing and the active aeroelasticwing programs
have been pursued vigorouslyand reportedon widely (for example,
Refs. 3–11).A numberof importantinsightsand conceptshavebeen
highlightedin this literatureconcerningtheeffectivenessofmultiple
control surfaces. These include, most notably, leading-edgecontrol
surfacesto offset the traditionallossof effectivenessof trailing-edge
control surfacesdue to unfavorableaeroelasticwing twist. Noll and
Eastep3 present a cogent overview and organized an issue of the
Journal of Aircraft on the active � exible wing program. The most
directly relevant paper in that issue was by Woods-Vedeler et al.,4

wherein they discussed various possible control laws to optimize
(minimize) roll maneuver loads using active controls.

Later work by Anderson et al.5 gave deeper insights into the fa-
vorable synergy that can be created by a combination of leading-
and trailing-edge controls. In their work, they noted that the un-
favorable aeroelastic twist that can lead to trailing-edge control
surface reversal can be offset by a leading-edge control surface.
Moreover, the trailing-edge control surface reversal can be elimi-
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nated and a constant roll authority maintained over a wide range of
� ight dynamic pressures by an appropriatecombinationof leading-
and trailing-edge control surface de� ections. In their approach, 1)
the (right wing) trailing-edge control surface rotation is trailing-
edge down (for rolling to the left) at dynamic pressures below the
classical reversal dynamic pressure (for only a trailing-edge con-
trol surface in the absence of leading-edge control), 2) then the
trailing-edge control surface rotation is set to zero at the dynamic
pressurethat correspondsto the classical reversaldynamic pressure,
and 3) � nally the trailing-edge control surface is rotated tail up at
yet higher dynamic pressures. The leading-edgecontrol also varies
with dynamic pressure, but is always leading-edge nose up with a
maximum near the aforementionedclassical reversal dynamic pres-
sure. These theoretical trends are consistentwith experimental data
from a cantilevered wing model of the Agile Falcon.10

This is a creative and inventive approach. However, as will be
discussed, it appears one can increase the roll rate even beyond
that for a rigid wing by an appropriately chosen combination of
leading- and trailing-edgecontrol surface de� ections. Moreover, as
will be seen, the torsional stiffness need not be compromised based
on control surface reversal considerations.

More recentwork on the activeaeroelasticwing concepthas dealt
with improvementsin designoptimizationmethodologies,reduction
of drag, and an adaptive change in torsional stiffness to allow both
pre- and postclassical reversal operation of an active aeroelastic
wing.6¡9 As will be seen, the same conceptual bene� t that can be
obtained by using a torsional stiffness change can also be realized
by usingan aeroelasticwing with the gearingratio between leading-
and trailing-edgecontrol surfacesprogrammed to change with � ight
dynamicpressure.InRef. 11, the importanceof leading-edgecontrol
is also emphasized.

The control strategy to achieve maximum roll performance is
straightforward. In the prereversal regime [de� ned by the classical
reversal for a trailing-edge control surface only (no leading-edge
control)], the trailing-edge control surface should be at its maxi-
mum trailing edge down, and the leading-edgecontrol should be at
its maximum nose up. Such a control law minimizes the loss of roll
ratedue to aeroelasticeffects,and indeed,if the leading-edgecontrol
surface rotation is suf� ciently large, then the roll rate of the aero-
elastic wing can exceed that of a rigid wing. However, at a cer-
tain � ight dynamic pressure, which can be calculated from an ap-
propriate aeroelastic analysis as given in the present paper or de-
termined from a wind-tunnel test of an aeroelastic model, it will
be advantageous to reverse the sign of trailing-edge control while
maintainingthe leading-and trailing-edgecontrolde� ectionsat their
maximum values. Note that, in this scheme, the magnitude of the
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leading- and trailing-edge controls are always maintained at their
maximum values at any dynamic pressure to maximize the roll rate,
and only the sign of the trailing-edge control surface rotation is
changed at a selected and optimized value of dynamic pressure.
One can use similar considerations to take into account constraints
on wing twist or structural loads becausethey may affect the control
scheme to maximize roll rate. Indeed, one could also determine the
control law that would minimize wing twist for a given roll rate or
maximum control surface de� ection.

Aeroelastic Typical Section Airfoil with Leading-
and Trailing-Edge Control Surfaces

Equations of Equilibrium

The equation of torsional equilibrium about the elastic axis
follows.1;2 It expresses the balance of moments about the elastic
axis due to the elastic spring and the aerodynamic forces:

K®® D Le C MAC (1)

or

K®® D qc2[CL.e=c/ C CMAC] (2)

Now de� ne

¸ ´ qc2
¯

K® (3)

a nondimensional ratio of aerodynamic dynamic pressure q to tor-
sional spring stiffness K® . Here, e is the distance from the aerody-
namic center (of lift) to the elastic axis taken as positive when the
elastic axis is aft of the aerodynamic center, ® is the elastic twist,
and c is the airfoil chord.

Then, Eq. (2) becomes

® D ¸[CL .e=c/ C CMAC] (4)

From aerodynamic theory,1;2 the lift and moment about the aerody-
namic center may be expressed as follows:

CL D CL® ® C CL´ te´te C CL´ le´le (5)

where ´te is positive trailing edge down and ´le is positive leading
edge up and

CMAC D CMAC´ te´te C CMAC´ le´le (6)

where ´te and ´le are the trailing- and leading-edgecontrol surface
angular rotations and CL® , etc., are known (linear theory) aerody-
namic coef� cients that depend parametricallyon Mach number and
the wing and control surface planform geometries.

Reversal

By de� nition, L D 0 at reversal. Now using Eqs. (4) in Eq. (6),
one may determine the corresponding torsional elastic twist ®R by
setting L D 0. Thus,

®R D ¸R [CMAC´ te´te C CMAC´ le´le] (7)

or

®R D ¸R [CMAC´ te C rCMAC´ le]´te (8)

where r ´ ´le=´te is the ratio of leading-to trailing-edgecontrol sur-
face rotationsand ¸R corresponds to the reversal dynamic pressure.

Now from Eq. (5),

®R D
¡[CL´ te C rCL´ le]´te

CL®

(9)

Dividing Eq. (8) by Eq. (9) and rearranging, one has the following
expression for ¸R :

¸R D
¡[CL´ te C rCL´ le]

CL® [CMAC´ te C rCMAC´ le]
(10)

Note that ¸R does not dependon e=c. Also, for r D 0, one retrieves
the classical reversal result for no leading-edge control surface.1;2

Finally, note that ¸R ! 1 when

r D ¡CMAC´ te=CMAC´ le (11)

Divergence

This is the static instability for which ® ! 1 for � nite ´te or
´le or, alternatively, for which ® is � nite when ´te D ´le D 0. Thus,
one may set ´te D ´le D 0 to determine ¸D , the divergence dynamic
pressure. When Eqs. (4) and (5) are used,

®D D ¸DCL®®D.e=c/

or

¸D D 1=CL®.e=c/ for ®D 6D 0 (12)

Note that ¸D does not depend on ´te, ´le, or their associatedaerody-
namic coef� cients, and in this linear model, it does not depend on
®D either.

Lift Effectiveness (for General ¸)

Now one can determine CL taking into account twist ® of the
airfoil and the control surface rotations ´te and ´le for any ¸. First
solve for ® from Eq. (4), then when Eqs. (5), (6), and (12) are used,

® D ¸=.1 ¡ ¸=¸D/f.e=c/[CL´ te C rCL´ le]

C [CMAC´ te C rCMAC´ le]g´te

(13)

Also Eq. (5) may be rewritten as

CL D [CL® .®=´te/ C CL´ te C rCL´ le]´te (14)

Using Eq. (13) in Eq. (14) and the de� nitionsof ¸R givenby Eq. (10)
and ¸D given by Eq. (12), one determines that

CL

[CL´te C rCL´ le]´te
D

1 ¡ ¸=¸R

1 ¡ ¸=¸D
(15)

The left-hand side of Eq. (15) is the ratio of lift for the aeroelastic
airfoil to that for a rigid airfoil. Note that for r D 0, one retrieves
the classical result for no leading-edge control surface, that is, a
trailing-edge control surface only. When ¸ ! 0 or ¸ ¿ ¸R and ¸D ,
the right-hand side of Eq. (15) approaches unity.

Finally, when ¸R D ¸D , the aeroelastic airfoil lift is equal to the
rigid airfoil lift for all ¸ from Eq. (15). However, note from Eq. (13)
that ® ! 1 as ¸ D ¸D even when ¸R D ¸D . Thus, for the enhance-
ment of lift effectiveness to be useful, one requires that ¸ < ¸D .

It is of interest to solve for the value of r such that ¸R D ¸D . From
Eqs. (10) and (12),

r j¸R D ¸D D ¡ [CL´te C ¸DCL®CMAC´te ]

[CL´le C ¸DCL®CMAC´le ]
(16)

where ¸D ´ 1=CL®.e=c/.
One can use Eq. (16) to � nd a ¸D or e=c such that r has a de-

sired value includingr D 0. Of course, the smaller the desired r , the
smaller is the resulting¸D .D ¸R /, so that a design optimum will ex-
ist that balancesa suf� ciently large ¸D and not too large a value of r .
This optimum depends on the aerodynamic coef� cients, of course.

Numerical Results

Typicalvaluesof theaerodynamiccoef� cientsare given in Table1
(see Ref. 12). Control surface chords of 10 and 20% of total airfoil
chord are considered for a thin airfoil at M D 0. Results for M 6D 0
are readily obtained using the Prandtl–Glauert transformation.

Table 1 Aerodynamic coef� cients

Coef� cients 20% 10%

CMAC´te ¡0.64 ¡0.54
CMAC´le 0.16 0.06
CL´te 3.45 2.49
CL´le 0.255 0.087
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Table 2 ¸reversal for various r

r ¸R ¸R

20% 10%

0 0.86 0.73
1 1.23 0.86
2 1.97 1.01
3 4.19 1.22
4 1 ——
9 —— 1
¡1 0.64 0.64
¡2 0.49 0.56

Table 3 ¸divergence
for various e/c

e=c ¸D

0 1
0.05 3.18
0.1 1.59

Fig. 1 LE = CL/CL;rigid vs dynamic pressure ¸ for e/c ´́ 0 (solid line)
and 0.05 (broken line): dash–dot line at ¸ = 3.18= ¸D is for e/c = 0.05
(note ¸D !! 1 as e/c !! 0).

Of course, the leading- and trailing-edge control surface chords
may be chosen to be different in an optimizationdesign study. Here
they are chosen to be the same.

From Eq. (10),we determinethe reversal results shown in Table 2.
From Eq. (12), one determines the divergence results shown in

Table 3.

Lift Effectiveness Results

When Eqs. (10), (12), and (15) are used, the desired results may
be obtained. (Only the case of 20% control surface chords is con-
sidered.) These are shown in Fig. 1 for e=c D 0 and 0.05. Note that
for e=c ! 0, dynamic pressure ¸D ! 1, and that the variation of
lift effectivenesswith ¸ is linear [Eq. (15)].

Foranye=c, the resultsforr D 0 are thoseforno leading-edgecon-
trol surface.On theotherhand,when r D 2, for example,the leading-
edge control surface rotation is twice that of the trailing edge.

Consider, � rst, the results for e=c D 0. In Fig. 1, it is seen that the
lift effectivenessis increased substantiallywhen r > 0. The reversal
dynamic pressure is increased by over 100% by increasing r from
0 to 2. Note, in particular,that at ¸ D 0:86 (correspondingto reversal
for r D 0), the lift effectivenessis greaterthan50% for r D 2. Finally,
note that above a certain ¸ (of order 1), it will be advantageous to
change the sign of r or the direction of the trailing edge control
surface rotation. (See the results for r D ¡2.) Indeed by changing
the sign of r above a certain ¸, one may achieve a lift effectiveness
greater than that for a rigid wing. For r D ¡2, ¸R is reduced, and
the aircraft is now operating above the reversal dynamic pressure,
that is, ¸ > ¸R .

Thus, for small ¸, one might advantageously select r > 0 and
operate in the prereversal regime, and for larger ¸ one might select
r < 0 and operate in the postreversal regime.

Also for suf� ciently large positive r (r ¸ 4/, the lift effectiveness
may exceed that of a rigid wing. However for various reasons, such
large values of r may be dif� cult to use in practice.

Now consider the results for e=c D 0:05. As expected, ¸R is the
same as that for e=c D 0 (for any r ). Recall Eq. (10). Moreover, as
may be expected from an examinationof Eq. (15), the lift effective-
ness for e=c D 0:05 (or any e=c > 0) is alwaysgreater(in magnitude)
than that for ¸ 6D ¸R . The lift effectiveness becomes very large as
¸ ! ¸D , that is, CL ! ¡1 (for r < 4) or CL ! C1 (for r > 4).
On the other hand, when e=c < 0, dynamic pressure¸D < 0, and the
lift effectiveness will be less than that for e=c D 0 for any ¸ other
than ¸ D ¸R . For e=c < 0; the lift effectiveness (LE), as ¸ ! 1,
approaches ¸D=¸R . (Recall that ¸D < 0 for e=c < 0.)

Finally note that, from Eq. (16), when r D 2:70, then ¸D D ¸R ,
and the lift effectiveness is unity for all ¸.

Twist Angle Results

For too large a twist angle, the structural integrity of the airfoil
or wing may be a concern. Also, aerodynamic stall may become an
issue. Thus, it is of interest to compute ®. For simplicity set e=c D 0
and use Eq. (13) to determine an estimate for ®:

®je=c D 0 D ¸[CMAC´ te C rCMAC´ le]´te (17)

For typical values of ¸ » 0.1/ and CMAC, one sees that ®je=c D 0 is
on the order of ´te or less. Clearly, in a practical design study, there
must be a compromisebetween competingobjectives.However, the
twist values seem reasonable for r > 0. For r < 0, the twist values
will be larger, but still not beyond a plausible range of values.

Note that for r D 4, the leading-and trailing-edgemoments about
the elastic axis balance and ® D 0. However, for such a large r ,
nonlinearaerodynamiceffects(notmodeledhere)may be important.

Note that, for e=c > 0 and ¸D > 0, the twist will tend to in� nity as
¸ ! ¸D . [RecallEq. (13).]Thus, the estimate of Eq. (17) is valid for
small e=c and/or ¸ < ¸D , for example, e=c < 0:1 and ¸=¸D < 0:5.

One can determine ® for any e=c, r , or ¸ from Eqs. (13).

Aeroelastic Wing-in-Roll with Leading-
and Trailing-Edge Control Surfaces

Now consider a straight rectangular wing with leading- and
trailing-edge control surfaces that are full span. A more complex
geometric planform can be treated using modern computational
models.12

As will be seen, the results for wing-in-roll, including reversal,
divergence, and roll effectiveness, are entirely analogous to those
found in the typical section airfoil model. One interesting sidelight
of the study is the � nding that including the roll degree of freedom
greatly increases the (antisymmetric)divergencedynamic pressure.
In retrospect, at least, this is not surprising because the rolling mo-
ment due to lift must be zero for a constantor steadyroll rate. Hence,
the lift due to roll rate tends to cancel the lift due to wing twist, and
this substantially alleviates the tendency of the aeroelastic wing to
diverge as the dynamic pressure increases. Note, however, that the
symmetric divergence condition is unchanged.

The torsional equation of equilibrium1;2 is

d

dy

³
GJ

d®

dy

´
C My D 0 (18)

The aerodynamic model is

My D eL C MAC (19)

L D qcCL (20)

CL D CL®[® ¡ . py=U /] C CL´ te´te C CL´ le´le (21)

MAC D qc2CMAC (22)

CMAC D CMAC´ te´te C CMAC´ le´le (23)
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Thus, Eqs. (19–23) give

My D qc2f[CMAC´ te´te C CMAC´ le´le]

C .e=c/[CL®[® ¡ .py=U /] C CL´ te´te C CL´ le´le]g (24)

where p is the roll rate (angular velocity) and y is the spanwise
spatial coordinate.

The rigid-body rolling equations of equilibrium are
Z l

0

Ly dy D 0 (25)

or
Z l

0

µ
CL®

³
® ¡

py

U

´
C CL´ te´te C CL´ le´le

¶
y dy D 0 (26)

Typical Values of the Aerodynamic Coef� cients

The aerodynamic coef� cients are chosen to be the same as those
for the typical section airfoil, that is, a strip theory aerodynamic
model is employed. Only control surfaces of 20% chord are consid-
ered as an example. Thus,

CL® D 2¼; CL´ te D 3:45; CL´ le D 0:255

CMAC´ te D ¡0:64; CMAC´ le D 0:16

Solution Procedure

Assume a single structural twist mode,1;2

® D N® sin.¼ y=2l/ (27)

SubstitutingEq. (27) into Eq. (18) and usingEq. (24),multiplying
throughby sin.¼ y=2l/ and integratingover the wing span,

R
¢ ¢ ¢ dy

gives the following Galerkin mathematical model:

£
¡.¼=2/2 C ¸CL®.e=c/

¤
N® C ¸f[CMAC´ te´te C CMAC´ le´le]

C .e=c/[CL´ te´te C CL´ le´le]g.4=¼/

¡ ¸CL®.e=c/.8=¼2/.pl=U / D 0 (28)

Note that, for simplicity, we have taken the control surfaces to
be full span and as indicated use strip theory aerodynamics.Re� ne-
ments to includepartial span control surfacesand three-dimensional
aerodynamicswill not changetheessentialphysicalmodel, although
they will clearly be important for design studies.

Also de� ne

¸ ´ qc2l2=GJ

Substituting Eq. (27) into (26) gives

CL® .12=¼ 2/ N® ¡ CL®.pl=U / C 3
2
[CL´ te´te C CL´ le´le] D 0 (29)

Consider now some important special cases.

Rigid Wing (® ´ 0)

From Eq. (29) and N® D 0,

pl

U
D

3

2

[CL´ te C rCL´ le]´te

CL®

(30)

where

r D ´le=´te (31)

Reversal (pl=U D 0)

From Eq. (29), the value of N® at which reversal occurs may be
determined, that is, N®R :

N®R D ¡
3

2

[CL´ te C rCL´ le]´te

.12=¼2/CL®

(32)

From Eq. (28),

N®R D ¡¸R f[CMAC´ te C rCMAC´ le] C .e=c/[CL´ te C rCL´ le]g.4=¼/´te£
¡.¼=2/2 C ¸RCL®.e=c/

¤

(33)
Now equating the right-hand sides of Eq. (32) and Eq. (33) and

solving for ¸R , we obtain

¸R D
³

¼

2

´2¿
CL®

»
e

c

µ
1 ¡ 96

3¼ 3

¶
¡ 96

3¼ 3

[CMAC´ te C rCMAC´ le]

[CL´ te C rCL´ le]

¼

(34)

A further special case is e=c D 0. Then Eq. (34) reduces to

¸R D ¡3¼ 5

384

[CL´ te C rCL´ le]
CL®[CMAC´ te C rCMAC´ le]

This is analogous to the result one obtains for lift reversal in the
absence of rolling. Note also that the dependence of ¸R on e=c in
Eq. (34) is very weak for typical values of e=c and the aerodynamic
coef� cients.

Divergence (´te D ´le D 0)

Setting the determinant of coef� cients of N® and .pl=U / from
Eq. (28) and Eq. (29) to zero and solving for ¸ D ¸D , one obtains

¸D D .¼=2/2

CL®.e=c/.1 ¡ 96=¼ 4/
(35)

Note that ¸D D .¼=2/2 is the divergencecondition for symmetri-
cal divergence, that is, no roll. Hence, the ¸D with roll included is
much higher, and indeed, with roll

¸R ¿ ¸D

Compare Eqs. (34) and (35). This greatly increased value for ¸D

when roll occurs has presumably been observed by practioners for
many years. However, the standard texts1;2 do not cover this issue,
and an admittedly informal and incomplete survey of colleagues
has not shown a general awareness of this result. Hancock14;15 has
pointed out that rigid body translation and pitching motions may
impact symmetrical divergence.

Roll Effectiveness (General ¸)

Solving Eqs. (28) and (29), one obtains

pl=U D Np=D (36)

N® D N®=D (37)

where

D ´
©
¡

£
¡.¼=2/2 C .e=c/¸CL®

¤
C .96=¼4/.e=c/¸CL®

ª
CL®

(38)

Np ´
©
¡ 3

2

£
¡.¼=2/2 C .e=c/¸CL®

¤
[CL´ te C rCL´ le]

C .48=¼3/¸CL®[.CMAC´ te C rCMAC´ le/

C .e=c/.CL´ te C rCL´ le/]
ª
´te (39)

N® ´ ¡CL®

©
¡.4=¼/¸[.CMAC´ te C rCMAC´ le/

C .e=c/.CL´ te C rCL´ le/]

C 3
2
.8=¼2/.e=c/¸.CL´ te C rCL´ le/

ª
´te (40)

Now by the use of Eqs. (35) and (38),

D D
©
¸CL®.e=c/[¡1 C .96=¼4/] C .¼=2/2

ª
CL®

D .¼=2/2CL®f1¡.¸=¸D/g (41)
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and by the use of Eqs. (34) and (39),

Np D 3
2 .¼=2/2[CL´ te C rCL´ le/]f1 ¡ .¸=¸R/g´te (42)

Thus, from Eqs. (41) and (42), and recalling Eq. (30),

pl

U

¿
3
2

[CL´ te C rCL´ le]´te

CL®

D 1 ¡ ¸=¸R

1 ¡ ¸=¸D
(43)

or roll effectiveness (RE),

RE ´ .pl=U /

.pl=U /rigid

D 1 ¡ ¸=¸R

1 ¡ ¸=¸D

Note that one could also determine a dynamic pressure for which
N® D 0, that is, N® D 0. At such a dynamic pressure, the roll rate is
the same as that for a rigid wing.

Numerical Results

Reversal Results

From Eq. (34), one obtains the results given in Table 4. Note that
these results are also quite accurate for any je=cj < 0:1.

Divergence Results

From Eq. (35), one obtains the results given in Table 5. Note that
¸D À ¸R for a rolling wing. Thus, Eq. (43) may be further simpli-
� ed to

RE ´
.pl=U /

.pl=U /rigid

»D 1 ¡ ¸=¸R (44)

These results are shown graphically in Fig. 2 and are entirely
analogous to those for the typical section airfoil. Note, in particular,
that an adaptive control strategy where one selects r > 0 for small
and r < 0 for large ¸ appears attractive. Large ¸ occurs for large
� ow dynamic pressure q or small torsional stiffness GJ .

Design Considerations

The full implications for design are many. Here a few key ideas
are highlighted.For simplicity,we assume the elastic axis and aero-
dynamic center coincide, e=c D 0, and, thus, ¸D D 1. To make the
discussion more transparent, recall Eqs. (30) and (34) and rewrite
Eq. (44) as follows:

QP ´ pl

¿
3

2

r
2G J

½c2l2
´te D

p
¸

»µ
CL´ te

CL®

C ¸
CMAC´ te

3¼ 5=384

¶

C r

µ
CL´ le

CL®

C ¸
CMAC´ le

3¼ 5=384

¶¼
(45)

In this form, the explicit dependence of roll rate on the ratio of
dynamic pressureto wing torsionalstiffness,¸, is seen as well as the

Table 4 ¸reversal for various r

e=c r ¸R

0 0 2.05
0 1 2.94
0 2 4.71
0 3 10.0
0 4 1
0 5 ¡11.2
0 ¡1 1.53
0 ¡2 1.17

Table 5 ¸divergence

e=c ¸D

0 1
0.1 170

Fig. 2 RE = (pl/U)/(pl/U)rigid vs dynamic pressure ¸: note that
¸ ´́ qc2 l2 /GJ, pl/U = 0 )) reversal and r ´́ ratio of leading- to trailing-
edge control surface rotation.

Fig. 3 Nondimensional roll rate vs dynamic pressure ¸: comparison
of conventional (– – – ) vs proposed (——) control strategies.

individual roles of the trailing- and leading-edge control surfaces.
The roll rate is now normalized with respect to a parameter based
on wing stiffness, chord, span, and � uid density, as well as control
surface rotation ´te.

In Eq. (45), the explicit dependence of the trailing-edge control
surface contribution to the roll rate on dynamic pressure is clear.
Recall the reversal dynamic pressure for the trailing-edge control
surface alone is

¸R jr D 0 D 3¼ 5

384

CL´ te

CL®CMAC´ te
(46)

Thus, the contribution of the trailing-edge control surface to the
rolling rate changes sign when

¸ > ¸R jr D 0 or ¸ < ¸R jr D 0

Of course, the leading-edge control surface alone does not un-
dergo reversal because the twist due to the leading-edge control
surface rotation increases the rolling rate. See the term multiplied
by r in Eq. (45).

From the preceding observationsbased upon Eq. (45), it is clear
that one wants to make r as large as possible, and then, when the
contributionof the trailing-edgecontrol surface to the roll rate goes
to zero as ¸ ! ¸R jr D 0,, reverse the sign of r and ´te to maximize
the roll rate over the full range of dynamic pressure. This is shown
concisely in Fig. 3.

Figure 3 shows the variation of roll rate (normalized by the
trailing-edge control surface rotation) with dynamic pressure for
a given level of wing torsional stiffness. In the linear aeroelastic
model, the roll rate is proportional to the trailing-edge rotation for
� xed ratio of leading- to trailing-edgerotations.Thus, the inverse of
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Fig. 3 may also be interpreted as the trailing-edgerotation required
for a given roll rate.

When there is no leading-edgecontrol (r D 0), there is a dynamic
pressurewhen the roll rate goes to zero, that is, the reversal dynamic
pressurefor a trailing-edgecontrolsurfaceonly.Of course, for small
dynamic pressure and in the limit as the dynamic pressure tends to
zero, the roll rate also tends to zero.

With leading-edge control added (r 6D 0), reversal is eliminated
using the strategy already described. Indeed, for a suf� ciently large
leading-edge control authority, the roll rate is a monotonically in-
creasing function of dynamic pressure. This result also implies that
for a givendesiredroll rate, the trailing-edge(and leading-edge)con-
trol surfacerotationsneededaremonotonicallydecreasingfunctions
of dynamic pressure. This is an attractive design option because it
implies that the leading- and trailing-edge control authority may
be determined by low dynamic pressure requirements to achieve
desired roll rates.

The value of r for which the dependenceof p on ¸ and vice versa
is monotonicmay be determined from a further analysisof Eq. (45).
It is given by

r D 2=[¡3.CMAC´ le=CMAC´ te/ C .CL´ le=CL´ te/] (47)

For the aerodynamic data used herein, r D 2:43.
Representative results from Eq. (45) using the proposed control

strategy are shown by the solid lines in Fig. 3. Also shown for
reference are the results that are obtained when the sign of r is not
changed. See the dashed lines in Fig. 3. Clearly using the proposed
strategy has a very bene� cial effect on the rolling rate.

There is another interesting set of questions regarding the opti-
mum choice of wing torsional stiffness. For a suf� ciently � exible
wing, one could operate in the postclassical reversal regime, that
is, ¸ > ¸R jr D 0 , for virtually the entire range of � ight conditions.Of
course, divergence (or � utter) considerationsmay limit this option.
Whether this optionwill proveattractiveremains a subject for future
investigation.

Actuator Considerations
Implementationof an aeroelasticwing with leading- and trailing-

edge control surfacesrequiresaeroservoelasticcontrol.Current sys-
tems include hydraulics, as well as electromechanicaldrives incor-
porating dc motors with appropriate gearing systems required to
achieve the desired control surface stroke. For uninhabited aerial
vehicles and uninhabited combat aerial vehicles, methods of im-
plementingcontinuous(spatiallydeforming) as opposed to discrete
control surfaces are desired to reduce radar signature and to con� g-
ure control surface actuation as a function of mission requirements.
As shown in the results presented, it is possible to maintain the
rolling effectiveness as a function of dynamic pressure through the
use of a leading-edge control surface. A schematic diagram of the
conceptual control surfaces is provided in Fig. 4. As illustrated,
the leading-edge control surface serves to provide an aerodynamic
moment on the wing that counteracts the adverse effect of the aero-
dynamic moment introduced by the trailing-edge control surface
when used to increase lift. If the overall de� ection of the leading
edge is constrained to some � nite value (a requirement for practical
implementation), then the trailing-edge control surface can be re-
versed at a point before compromising the roll effectiveness of the
vehicle. It is then possible to reverse the leading- or trailing-edge
control surface at a given dynamic pressure and to maneuver the
vehicle beyond the conventionalcontrol surface reversal condition.

Fig. 4 Schematic diagram of control surfaces and resulting moments.

Fig. 5 Schematic of V-stack actuator.

The dynamiccontrolof the leading-and trailing-edgecontrol sur-
faces,whether they be discrete,as illustratedin the two-dimensional
schematic of Fig. 5, or continuouslydistributedover the span of the
wing, must be synchronously controlled. New actuation technolo-
gies are currently under development for high-bandwidth actua-
tion, leveraging high-energy density materials such as piezoceram-
ics. Two such actuation technologies include the X-frame actuator
developed at the Massachusetts Institute of Technology,16 and the
V-stack actuator developed at Duke University.17 Stroke ampli� -
cation on the order of a factor of 10 can be achieved, and the ac-
tuators can be impedance matched for the desired application of
dynamic load. The V-stack actuator (Fig. 5) can be readily modi� ed
for impedance matching applications by simply removing the ac-
tuator base and modifying the separation distance between the two
piezoelectric stacks by increasing or decreasing the dimension of
the actuatorbase. The current prototypeactuator has a total mass of
0.65kg,producesa forceof 556N with a tipde� ectionof§1.5mm, a
frequency responseextendingto approximately600 Hz, and a mass
ef� ciency of approximately 15%.

Such actuation devices can be integrated as a function of span
to control segments of a continuously distributed control surface,
both on the leading and trailing edge of the wing. Such actuation
technologies can be used for dynamics associatedwith aircraft ma-
neuvers as well as aeroelastic control.

Finally, it is possible that the oscillationof a leading-edgecontrol
surface may be used to create a favorable effect on such dynamic
phenomena as vortex breaking or bursting. See Ref. 18 for a rel-
evant experimental study. To assess this possibility will require a
full dynamic, aeroelasticmodel and analysis, of course, and is well
beyond the scope of this paper.

Conclusions
A leading-edge control surface may be used to counteract the

tendency of a trailing-edge control surface to undergo aeroelastic
reversal. Results obtained here from simple mathematical models
support results obtained in more complex models including � ight-
test and wind-tunnel results.3¡10 An attractive control strategy to
programthe leading-and trailing-edgecontrolsurfacerotationswith
� ight condition has been suggested.

Moreover, the effect of the roll degree of freedom to increase the
dynamic pressure at which aeroelasticdivergenceoccurs is empha-
sized. This suggests it may be of interest to include the roll degree
of freedom in the study of other aeroelastic phenomena including
(antisymmetric) � utter.
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